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BN HE B R i BB — MR FEESZ
FRENLIERN, EEBA BT E AR fetth [ £ 5 EA TR —
MEMAWKE. MAEMRX IR, 78R/ reTEE R
hEMRSNNSF. BRELUEBMARETRR, KN
FEIBrowniz&). 14t flE < LT 2 B R AR 8] FF R
EihEAKEAEBNARES. WRLIX (¢) BRI F 8
E, 0

X(t) =Az(&+ -+ &/an) (4.1.1)
Het/At|RRt/ At ER Sy, Hep
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| -1, mREigEE
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Hifigs BT
Plei=1} = Ple=—1} =
HTEL] =0,Varlg] = Bl =1&(4.1.1), &NA
E[X(t)] =0, Var[X(t)] = (Ax)*[t/At].
MAEZLSACHALETE, FESBRREEX.
o NREIAz = At, At — 0, MVar[X(t)] — 0, M
mX(t) =0,a.s..
o NRENAL = (Az)?, MVar[X(t)] — oo, XEIEE
. AARFIEHZELER, PAREERENEAZT

o AItt, RIMETEMERE: €Az = VAL, cHEAN
EEH, AEEKMTHRHAR, HAt — 0B, E[X ()] =
0, Var[X(t)] — o°t.
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tesh, BTFENLIFsI R EE A EEERATIE X (8] FaY T
HWRMIIH, LB
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TEENFHEEBrownEEIH=I&EX.

EN 4.1.1 BENLEFRE{X(t),t > O} U Ay &2 -

(1) X(0) = 0;

(2) {X(t),t > O} FAMALI = ;

(3) XNt > 0, X(OMMNIEZDHN(0, 0%t).
MAH{X(t),t > 0L NBrowniz 3, W # AWienerid 2.
WG N{B(t),t > 0} 8¢ {W(t),t > 0}.

NRo =1, IRz HIFEBrownzsl, WRe # 1,
MArZFE{X (t)/o,t > 0}, E—FREBrownizs)). il k—
A, AL REEFREBrownEshiyIER .

HTRX—EXENAP AT HE, JRIOAMIERRH
S TERMRIEABrownEsIHFMNENX, EUEFAR L
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% R7.1.1 BrownEZsif BB &4 RAIRENIEZE{B(t),t > QC'?!—
0}.

(1) (EF&EE)B(t)—B(s) ~ N(0,0%(t—s)), BIB(t)—
B(s)ARMIMEHNO, FE A (t — s)IERS T, Hs = O,
B(t) — B(0) ~ N(0,0%).

(2) (B E)B(t)— B(s) A T HERNT FIREB(u),0 <
u < s. o/41

(3) (BENZEEM)B(t),t > 0 StHIESLR .

A MR7.1.19FENHFZBEREBO) =0, FEitkFEA]

FRZ RIETzRIBrownizsfl, FTLABR A TR,
IBR{B(t)}.3X#, EX4.1. 1M EIRTOoRMBrownizs

H{B°(t)}. B, -
B*(t) — x = B°(t) (4.1.2) GoBack
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o D %: B(t) ~ N(0,0° * t);
o BENF: B(t)—B(s) ~ N(0,0%|t—s|); &t > s,EB(0) =
0,BB(t)RFfRIMIIEETIZE, # B(t) — B(s) = B(t —
s+s)—B(s) 5 B(t—s)— B(0) = B(t — s) HHE %
N0, 0%(t — s)).

3IH 4.1.2 %midAER EAEA. o
Proof g#HAIIE{B(t),t > 0}HEHZE0?, EBnkt <
to < -+ < tp,
X = B(tk) — B(tk_l),t() =0,k=1,2,--- ., n
A |« >l
W Xp ~ N(0,0°(tr, — tp—1)), BB, B —1
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o F{B(t)} = 0;
e Rp(s,t) := E(B(s)B(t)) = o*min(s,t)
il 4.1.3 &Z{B(t),t > 0} R 5 H Ao? 9t thidA, K
T 3 i A2 69 3948 B A AE K B B o
e X(t) = B?(t),t > 0;
e X(t) =tB(1/t),t >0

Proof 1)

mx(t) = BIX ()] = B[B]
— D[B(t)] + {E[B(®)]}” = o’
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Rx(s,t) = E[X(s)X(t)] = E[B*(s)B*(t)]
= E{B*(s)[B(t) — B(s) + B(s)]"} (s <)
= E{B*(s)[B(t) — B(s)]"} + E[B"(s)]
+2E{B*(s)[B(t) — B(s)]}
= E[B*(s)|E{[B(t) — B(s)]"} + E[B"(s)]
=02So*(t — s) + 30*s* = o (st + 25?)
5
Rx(s,t) = o*(st + 2min*(s,t))
HepE B(t) ~ N(0,0%t);
B(t) — B(s) ~ N(0,c%|t — s|)

SE: X ~ N(0,0%),8




s~ 10 n:1,3,5,---;

2)

mx(0) = B[X ()] =18 | B ()];o,»o

ne=e[on () e (] - e

11

s't

= sto*min (— ) = o’min(s,t).
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Bl 4.1.4 B{B(®),t> O} EAiHBrowniEal, il al
P{B(2) < 0}#1 P{B(t) <0,t=0,1,2}.

8 HBHTB(2) ~ N(0,2), FTAP{B(2) < 0} = ;.H
AB(0) =0, FRUAP{B(t) < 0,t = 0,1,2} = P{B(t) <
0,t =1,2} = P{B(1) <0,B(2) <0}. @AB(1)MB(2)1
=R, BEEMR7.1.1(2)F(3)AFMB(2)-B(1)5B(1)=
MHERIZNFREESTMRENZEE, TEAAZHEN

B(2) = B(1) + (B(2) — B(1))
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P{B(1) <0, B(2) < 0}
— P{B(1) < 0, B(1) + (B(2) — B(1)) < 0}
— P{B(1) < 0, B(2) — B(1) < —B(1)}

_ /_ P{B(2) - B(1) < —z}¢(x)dz
:/_ O(—z)dd(x)

X E oMo AR RAREIEZS 77 0 BY 73 70 R AN [ R 3. BB
RO BEZFRANG
3

/OOO B (z)d(—z)dz = /OOO B (2)dD (z) = /; vy =
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sHEXE[0, T| ER—1MBEH— 1ML, Browns s/l
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(1) —tRUELEL R ;

(2) EEEXIE(FZiLXEZ A LEAZRIFR,

(3) EEEREN 2R HAY; o/

(4) EEEXE(FZiEXEZ AN LERTRETER;

(5) XHEEt, 70, t| LR TEFET.
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AT IEBrownE s EEMR, BB EH_RT
HIE X..

ENX 4.1.5 Brownig 31 ZIREZ[B, B](t) & N
2{er 1 JEEO, t)H o F, HHARS, = maxo<icn—1(t],; —
th) — 0 B, ARMERICIE SO R R

n—1
e 13 n n\ |2
B, B](t) := g;;nog B(t}1) — B(t})] (4.1.3)

EH 4.1.6 [B, B](t) = ot
WERR: BXIX[E][0, t| M EI{t"}_ fEFD ., on < 00.iB

n—1

Sy = Z[B(t?m — B(t}))’

1=0
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o
n—1 n—1
B8] = 3" BB(t) — BE = 0> S (8 — ) = o,
1=0 1=1
BAMEESDHHOEMEAN, 5

Var|Sy]

Var[i(B(t?H) — B(t1))?

_ Z_:Var[(B(t?H — B(t))?

n—1

= > 20t} — t1)? < 20" max(t},, — t])t = 20"t6,
1=0

— 0.

F2ES, —t— 0, a.s., §[B,B|(t) = ¢%. '



B 4.1.7 &{B(t)}&Brownizs), KB(1) + B(2) +
B(3) + B(4) 1A,

fR: ZEMHEEX = (B(1), B(2), B(3),B(4)), MXAR
NETIESTH, BEBEHEMNNSZEER
[1111)

1222
1233

\1234/

SA=(1,1,1,1), N
AX = X1+ Xo+ X5+ X4 = B(1) + B(2) + B(3) + B(4)

BEEYEAE, AEHNASA =30MESSH. TEB() +
B(2) + B(3) + B(4)=RMBERO, FEAIOMIEST .
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Bl 4.1.8 KB(3) + B(5) + B($) + B(1)HIZAi.

f&: ZRMEHEEY = (B(3),B(3),B(3),B(1)). &
n, Y5EfFRNXBEEHEENIER. MAENEERER
AL, Bt AY = B(3) + B(3) + B(3) + B(1) BRMIME
70, FERTHIESDT.
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I 4.1.9 REP{ [, B(t)dt > =}.

#: BEAEERLENE, BrownEohEEELEIEE, Fr
U EANEERERBE, RiemanniR 4 [ B(t)dt . KAl
RERE [ B(t)dtBI5 % . FRiemanniAHHIEN, A1
LUMNBIEFNS " B(t;)At; BIRBR D HEE. XEBt=Z2[0,1]8
SE, At =t —t;. BIANEL; = %, Hn = 48, 18k
AMBEN A EHIFPRIBEYI T = —fgdth, R{AHERR, FRBIER
MDA EZTNENESS S, EEHE(BNRKRSHZE
.I_.El%.txﬁj\ﬁ.:,':%IJB(t)dt’lﬂ.%%i’iﬂﬁﬂgEﬁﬁj\ﬁ.T@%ﬂ'
[ B(t)dtHIHE.
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,/:\:
Vi { /0 1B(t)dt} — Gl { /O Bty /O 1B(s)ds} &
—F [/OlB(t)dt/OlB(s)ds]

:AlfolE[B(t)B(s)]dtds
_ /O 1 /0 oo B(£)B(s)|dtds

1 1 1
:/ / min(t, s)dtds = —
o Jo 3

X4, [ B(t)dt ~ N(0,3). FRIKERA

P{/OlB(t)dt > %} — P{\/§/01B(t)dt > 2} = 1-®(2) ||: :||
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§4.2 BrownizaiBIE KR

ATt 5BrownE I fHEK R LB, BHEEIIZE
(FERRYRE X . BEHLIEIZ{ X (t),t > O}FRAE, WRVL, E[|X(1)|] <
oo,BVs > 0,8

E[X(t+s)|F] = X(t), a.s. (4.2.1)

XEBF = oc{X(u),0 <u<t}2H{X(u),0 <u<t}EmK
FlofR#, HPHFKN(4.2.1)Z/LFHAKIAE, EEEAB
XEVUERR, BTt EKa.s.
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EE 4.2.1 #{B(t)}Z+4=EBrowniz sy, N
(D{B(t)} A%,
(2){B(t)? — t} 2 $k;
(3) & F Hu, exp{uB(t) — Lt} 2%k,
WERR: E4t, BBt + s) — B(t) 5 F M M T E0XHE
=AM E g (x), B
Elg(B(t+s)—B(t))|F:] = E[g(B(t+s)—B(t))] (4.2.2)
HBrownzsIMENX, B(t) ~ N(0,t), FTLAB(t)AIFR, BE[B(t)] =
0, BREMMERES
E[B(t + s)|F] = E[B(t) + (B(t + s) — B(t))|F]
= E[B(t)|F] + E[B(t + s) — B(t)|F]
— B(t) + E[B(t + s) — B(t)] = B(¢)
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M (1) FFIE. @E
BT E[B%(t)] =t < co, BTAB(t)AIR. FREEZ Sk
B*(t +s)=[B(t) + B(t + s) — B(t)]”
= B*(t) + 2B(t)[B(t + s) — B(t)] + [B(t 4+ s) — B(t)]?

E[B*(t + s)| Fi]

= B2(t)+2E[B(t)(B(t+s)—B()| Fl+E[(B(t+s)—B®) A
= B*(t) + s (4.2.3)

XEHRMAMBTBE+s) — BO)GFMMmaItHEFY

B0, H¥tg(x) = 2HAR(4.2.2). X (4.2.3)Fix[EE]

WA+ s), M(2)FE. PREY
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EEB(t) ~ N(0,t)NERFEHE[ePV] = /2 < oo,
REEE POZAM, HA

E[euB(t)—%e] _q
Bg(x) =e*, FIAR(4.2.2), A5
E [euB(t—l-S)lf‘t] — F [GUB(t)_I_u(B(t_I_S)_B(t))|ft_

_ B [ qu(B(t+s)-B(®)) | ]_-t'

_ B :eu<B<t+s>—B<t>>]

u2 i
_ euB(t)€78

A [E] AT s e 7 F%) | (3) F3HEE .
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F: EREERAHNX3THARRR FTHEETEE
BIENX, tbanEr{B%(t)—t} B2 BrownE g4 E, B, a0
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§4.3 BrownE&afm KELTE N RIEZE

AT, 12t EBrownZsi g Xt AIBTZI, H
T, =inf{t > 0,B(t) = «}

Zr > Oft, AWEP{T, <t}, HINIEFEBEP{B(t) > z}. H
é*ﬂﬁﬁﬁ/z}ﬁ. 32/41

P{B(t) > z} = P{B(t) > |T, < t}P{T, < t}
+ P{B(t) > z|T, > t}P{T, > t} (4.3.1)

=1, <t, WB()E[0, | FRRDEZE Pz, BNFRERS

1 PR
P{B(t) > 2IT. <t} =~ I
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BHREZHAM, BO)AAEERT Tz ATz, Fh
LAL(4.3.1) P2 AE.FEtk

P{T, <t} = 2P{B(t) > z)

2 /OO . 2/2t
= e “/“du
\V/ 27Tt T
2 /OO
= — €
\V/ 27T x/\/;ﬁ

—v'2dy (4.3.2)

FR L AT

2 o

GoBack

FullScreen

Close

Quit




X378 B R SH AT EE ST

fr,(u) =

GoBack
FullScreen

Close

Quit




FIARK(4.3.2), ATLLEE]

E[T:] = /Ooo P{T, > t}dt

0 0 V)
2 0 ) z*/y
e e_y /2d / dt
V 2;'(' 0 J 0
V 27 0 Y=o
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Fik, T,B2AJLFAREIRE, EELSHWAAE.E
ViE, mEBrownEHUUBEL SHHr, BERFIRT
B REXHH.MREP{T, < co} = 1FRABrowniE o E 1R
. BTHTRciIBrownizsh5{a + B(t)}2HREH, X
B{B(t)}2HmTOoHIBrownizzsl, FrILL

PAT, < o0} = Pp{Ty—a < 0} =1

HIBrownzsi\fEFERH &, TR EZ]1.
Hr < OB, EHXTHRME, T'ﬁT ABAHEENSH.TESE

P{T, < t} = e Y 2dy

\/ﬂ /w/f

3

fr.(u) = { vt u > 0 (4.3.4)
0, u <0
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5 — BB 8 EBrownEFE0, t] A E #Y @L
BARE M(t) = maxo<s<: B(s) I AIA TN AFEREFE, ~123]
x> 08

P{M(t) > z} = P{T. < t}
=2P{B() > z}

—u?/2
€ y/dy 37/41

2 oo
V2 /x/\/?s
BRENEGERIBrownZHIE(0, t| FIEBIRIB/MEM(t) =
minogsgt{B(S)}El‘Jﬁj\ﬁ-
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§4.4 BrownzziiyJLFZE{L

§4.4.1 Brown#

HBrownizzl, HNTJIUEXN F—HKEHIBEMP L

&= B E B HFE — Brown it g,

LI

EX 4.4.1 W{B(t),t > 0}&trifiBrownizs). &

B*(t) = B(t) —tB(1), 0<t<1

FEALERE{ B*(t),0 < t < 1} NBrown#ff(Brown Bridge).
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EABrownizsigGaussidiz, ErldBrownifitlEGaussid QCITL"
12, End S hmEREMSEREESHE. BV <
s<t<l1, B

E[B*(t)] =
E|B*(s)B*(t)] = E[(B(s) — sB(1))(B(t) — tB(1))]
= E[B(s)B(t) — tB(s)B(1) — sB(t)B(1) + tsB*(1)]
=s—ts—ts+ts=s(l—1t)

s, BENXAIEIB*(0) = B*(1) = 0, ENtidiEmE
MR EEER, MRF—H, XFEBrownfiAFREEM%.
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§4.4.2 JL{AIBrownizz)
X (t) =eBO, ¢t >0 EXWIIE{X(t),t > 0}RA

JLiATBrowniz#). - FBrowniEFif s E B iR A E[esB?)] =
e’ /2, FRIJLIAIBrownZHEER B S B ERH S 5 A

E[X (t)]= E[eBY] = £!/?
Var[X ()] = E[X*(t)] — (E[X(#)])’ e
— E[e2B®)] — ¢
— 2t gt
EemMmiatd, ANEERERENNEERE/LEIBrownz
T, ETEMGFHRENMLRE. R
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Bl 4.4.2 (B WIBEIOE) Bt N A AP I 2 |
LEIN Z AT, AZEM R N K B RRCE BRI, Bl (ak) B
A AE B ZIT UL 7 R AT A KO Sk — 23X Fp s 52 AR ) ARG
X PSS H BT AT S Ny, FEiEIR LA Browniza 3484k, 3K
AT A XA AR 2 UE. WX (T) RN ZI T 5
g, HEX(T)ET K, ABCR R, Iz AE R
ZIT WU NN

E[max(X(T) — K,0)] = /O N P{X(T) - K > u}du
- /OO P{yeP") — K > u}du

:/OOP{B(T) > log

e A
= e ¥/ dxdu
27 Jo log[( K +u) /4]

K +u

}du

hkf’*ﬁ“_,
VIHE

~. 1931

41/41

|« >
< >
GoBack

FullScreen

Close

Quit



