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• 8.1 'u�ÅiÄ�È©
• 8.2 'uBrown$Ä�È©

• 8.3 ItôÈ©L§

• 8.4 Itôúª

• 8.5 �Å�©�§
• 8.5 Black-Scholes�.
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�Ù�8�´Ú\'uBrown$Ä�È©§?ØÙ5

�¿�Ñ3�Å©Û97KÆ¥kX­�A^�Itôúª.

§8.1 '''uuu���ÅÅÅiiiÄÄÄ���ÈÈÈ©©©

·�l?Ø'u{ü��ÅiÄ�È©m©.�X1, X2,

· · · ´Õá��ÅCþ§P{Xi = 1} = P{Xi = −1} = 1
2
§

-SnL«�A�iÄ

Sn = X1 +X2 + · · ·+Xn
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·��±ù�wù|Õá�ÅCþ§Xn�1ngú²Ù

Æ�(J(Xn = 1�I1�§Xn = −1�ÑK1�). Fn =

σ(X1, · · · , Xn)(d{Xi, 1 ≤ i ≤ n})¤�σ�ê)§��±

n)��¹ X1, · · · , Xn�&E.-Bn´Fn−1�ÿ��ÅC

þS�§'X§L«1ngÙÆ�¤eÙ5§K§�U|^

1n − 1g9±c�&E§
ØU|^1ngÙÆ�(J.u

´���n�ÂÃZn�

Zn =
n∑
i=1

BiXi =
n∑
i=1

Bi(Si − Si−1) =
n∑
i=1

Bi∆Si

ùp∆Si = Si − Si−1, S0 = 0. ·�¡Zn�Bn'''uuuSn���ÈÈÈ

©©©.
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N´wÑ{Zn}´'uFn��§=éu¤k�n

E[Zn+1|Fn] = Zn

AO/, E[Zn] = 0. d	§XJb½E[B2
n] <∞§K

V ar[Zn] = E[Z2
n] =

n∑
i=1

E[B2
i ]

¯¢þ§

Z2
n =

n∑
i=1

B2
iX

2
i + 2

∑
1≤i<j≤n

BiBjXiXj

25¿�X2
i = 1§XJi < j§KBi, Xi, BjÑ´Fj−1�ÿ

�§�XjÕáuFj−1§�

E[BiBjXiXj] = E[E[BiBjXiXj|Fj−1]] = E[BiBjXiE(Xj)] = 0
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§8.2 '''uuuBrown$$$ÄÄÄ���ÈÈÈ©©©

�!½Â'uBrown$Ä�È©
∫ T

0 X(t)dB(t) (½{

P�
∫
XdB)§ùp{B(t)}´��IOBrown$Ä§k�

�P�{Wt}. Äk�Ä����Å�{üL§{X(t)}§
=X(t)´��{ü¼ê (Ø�6uB(t)). d{ü¼ê�

½Â§�3[0, T ]�©�0 = t0 < t1 < · · · < tn = T9~

êc0, c1, · · · , cn−1, ¦�

X(t) =

{
c0, XJt = 0

ci , XJti < t ≤ ti+1, i = 0, 1, · · · , n− 1
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½L«�

X(t) = c0I0(t) +
n−1∑
i=0

ciI(ti,ti+1](t) (8.2.1)

u´§�½ÂÙÈ©�∫ T

0

X(t)dB(t) =
n−1∑
i=0

ci[B(ti+1)−B(ti)] (8.2.2)

dBrown$Ä�ÕáOþ5��§úª(8.2.2)¤½Â�È

©´Gauss©Ù��ÅCþ§Ùþ��0§���
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V ar(

∫
XdB) = E

[
n−1∑
i=0

ci(B(ti+1)−B(ti))

]2

= E

n−1∑
i=0

n−1∑
j=0

cicj[B(ti+1)−B(ti)][B(tj+1)−B(tj)]


=

n−1∑
i=0

n−1∑
j=0

cicjE[(B(ti+1)−B(ti))(B(tj+1)−B(tj))]

=
n−1∑
i=0

c2
i (ti+1 − ti)
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^�4���{�±òù�½Âí2������Å¼

êX(t).�´·��½Â�´�ÅL§�È©§Ïdò{ü

¼ê¥�~êci^�ÅCþξi5�O§¿�¦ξi´Fti�ÿ�.

ùpFt = σ{B(u), 0 ≤ u ≤ t}.u´,dBrown$Ä��5

��

E[ξi(B(ti+1)−B(ti))|Fti] = ξiE[B(ti+1)−B(ti)|Fti] = 0

Ïd

E[ξi(B(ti+1)−B(ti))] = 0.
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½½½ÂÂÂ 8.2.1 �{X(t), 0 ≤ t ≤ T}´��{ü�ÅL
§§ =�3[0, T ]�©�0 = t0 < t1 < · · · < tn = T§�

ÅCþξ−1, ξ0, · · · , ξn−1¦� ξ−1´~ê§ξi�6u{B(t), t ≤
ti}§�Ø�6u{B(t), t > ti}§¿�

X(t) = ξ−1I0(t) +
n−1∑
i=0

ξiI(ti,ti+1](t) (8.2.3)

d�§ItôÈÈÈ©©©
∫ T

0 XdB½Â�∫ T

0

X(t)dB(t) =
n−1∑
i=0

ξi(B(ti+1)−B(ti)) (8.2.4)
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{üL§�È©´���ÅCþ§÷veã5�.

(1) ���555 XJX(t), Y (t)´{üL§§K∫ T

0

(αX(t)+βY (t))dB(t) = α

∫ T

0

X(t)dB(t)+β

∫ T

0

Y (t)dB(t)

ùpα, β´~ê.

(2) ∫ T

0

I[a,b](t)dB(t) = B(b ∧ T )−B(a ∨ 0)

Ù¥I[a,b](t)´«m[a, b]�«5¼ê, b∧T := min(b, T ), a∨
0 := max(a, 0).

(3) """þþþ���555 XJE[ξi] < ∞, (i = 0, 1, · · · , n − 1)§

K

E[

∫ T

0

X(t)dB(t)] = 0
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(4) ���ååå555 XJE[ξ2
i ] < ∞, (i = 0, 1, · · · , n − 1)§

K

E

[∫ T

0

X(t)dB(t)

]2

=

∫ T

0

E[X2(t)]dt

y²µ5�(1),(2)Ú(3)´{ü�§Öö�g1y�§ùp

�y²5�(4). |^ Cauchy-SchwarzØ�ª§��

E[|ξi(B(ti+1)−B(ti))|] ≤
√
E(ξ2

i )E[B(ti+1)−B(ti)]2 <∞
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u´

V ar[

∫ T

0

XdB] = E

[
n−1∑
i=0

ξi(B(ti+1)−B(ti))

]2

=E

n−1∑
i=0

ξi(B(ti+1)−B(ti)) ·
n−1∑
j=0

ξj(B(tj+1)−B(tj))


=

n−1∑
i=0

E[ξ2
i (B(ti+1)−B(ti))

2] +

2
∑
i<j

E[ξiξj(B(ti+1)−B(ti))(B(tj+1)−B(tj))](8.2.5)

dBrown$Ä�ÕáOþ5±9'uξi�b½§|^½

n1.5.7(1)§k

E[ξiξj(B(ti+1)−B(ti))(B(tj+1)−B(tj))] = 0
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¤±§ª(8.2.5)¥������".dBrown$Ä��

5�§�

V ar[

∫ T

0

XdB] =
n−1∑
i=0

E[ξ2
i (B(ti+1)−B(ti))

2]

=
n−1∑
i=0

E
[
E
(
ξ2
i (B(ti+1)−B(ti))

2|Fti
)]

=
n−1∑
i=0

E
[
ξ2
iE
(
(B(ti+1)−B(ti))

2|Fti
)]

=
n−1∑
i=0

E[ξ2
i ](ti+1 − ti)

=

∫ T

0

E[X2(t)]dt.
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k
c¡�O�§·�y3�±òþã�ÅÈ©�½Â

*Ð������ÿ·A�ÅL§a.

½½½ÂÂÂ 8.2.2 �{X(t), t ≥ 0}´�ÅL§§{Ft, t ≥
0}´σ�ê6§XJé ∀t, X(t)´Ft�ÿ�§K¡{X(t)}´́́{Ft}
···AAA���

P

V(0, T ) :=
{
h, h´(Ft)·AL§§÷vE[

∫ T
0 h2(s)ds] <∞

}
Key Point: ���ÅÅÅÈÈÈ©©©

∫ T
0 XtdWtddduuuÙÙÙKKK$$$ÄÄÄW���;;;���

���ooo÷÷÷§§§ØØØUUU���iiiùùùÈÈÈ©©©555½½½ÂÂÂ§§§���


���ÑÑÑùùù«««(((JJJ§§§···

���333½½½ÂÂÂÈÈÈ©©©������ÿÿÿrrr���ÈÈÈ¼¼¼êêêXwww¤¤¤´́́������¼¼¼êêê§§§


ØØØ

´́́UUUììì;;;������½½½ÂÂÂÈÈÈ©©©"""
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·�ò�ÅÈ©�½ÂUeãÚ½*Ð�V(0, T ):

Key Point: éééuuuV(0, T )???¿¿¿���¼¼¼êêêf§§§···���FFF"""ééé������

���{{{üüü���ÅÅÅLLL§§§{φn}¦¦¦������ööö333²²²���¿¿¿ÂÂÂeeeååålllªªªuuu0§§§

===µµµ

E[

∫ T

0

(f − φn)2dt]→ 0.

Step 1: Äk§-h ∈ Vk.§¿�éz�ω ∈ Ω, h(·, ω)ë

Y.K�3{üL§{φn}§Ù¥

φn =
∑
j

h(tj, ω) · 1[tj,tj+1)(t) ∈ V

¦��n→∞�§éz�ω ∈ Ω§∫ T

0

(h− φn)2dt→ 0

Ïddk.Âñ½n�E[
∫ T

0 (h− φn)2dt]→ 0.



17/50

‖J I‖

J I

GoBack

FullScreen

Close

Quit

Step 2: Ùg§-h ∈ Vk.§�±y²�3hn ∈ Vk
.,�∀ω ∈ Ω, ∀n, hn(·, ω)ëY, ¦�

E[

∫ T

0

(h− hn)2dt]→ 0 (8.2.6)

Step 3: ��§é?¿�f ∈ V§�3k.�gn ∈ V§¦�

E[

∫ T

0

(f(t, ω)− gn(t, ω))2dt]→ 0 (8.2.7)

Step 4: éu?¿f ∈ V§·�U
é�Step 1-3¥

�gn, hn, φn§¦�

E[

∫ T

0

(f(t, ω)− φn(t, ω))2dt] ≤ E[

∫ T

0

(f(t, ω)− gn(t, ω))2dt]

+E[

∫ T

0

(gn(t, ω)− hn(t, ω))2dt] + E[

∫ T

0

(hn(t, ω)− φn(t, ω))2dt]

→ 0
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þþþ¡¡¡Step 1 - 3���[[[!!!£££


)))ÒÒÒ���±±±¤¤¤ ¯¢þ§Ø

��|h(t, ω)| ≤M,∀(t, ω). ½Â

hn(t, ω) =

∫ t

0

ψn(s− t)h(s, ω)ds

ùpψn´Rþ�KëY¼ê§¦�é¤k�x /∈ (−1
n
, 0),

ψn(x) = 0�
∫∞
−∞ψn(x)dx = 1. Kéz�ω ∈ Ω, hn(·, ω)ë

Y�|hn(t, ω)| ≤M . dh ∈ V�±wÑhn ∈ V, ¿�
�n→∞�§éz�ω ∈ Ω,k∫ T

0

(hn(s, ω)− h(s, ω))2ds→ 0

Ïd2g|^k.Âñ½n�ª(8.2.6).
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þþþ¡¡¡Step 1 - 3���[[[!!!£££


)))ÒÒÒ���±±±¤¤¤ ��§é?

¿�f ∈ V§�3k.�hn ∈ V§¦�

E[

∫ T

0

(f(t, ω)− hn(t, ω))2dt]→ 0

¯¢þ§��-

hn(t, ω) =


−n, e f(t, ω) < −n
f(t, ω),e − n ≤ f(t, ω) ≤ n
n, e f(t, ω) > n

|^��Âñ½n=�.
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y3§·��±�¤ItôÈ©
∫ T

0 f(t)dB(t), f ∈ V�½
ÂXe.

½½½ÂÂÂ 8.2.3 �f ∈ V(0, T )§Kf�ItôÈ©½Â�∫ T

0

f(t, ω)dBt(w) = lim
n→∞

∫ T

0

φn(t, ω)dBt(ω), (L2(P )¥4�)

(8.2.8)

ùp{φn}´Ð��ÅL§�S�§¦��n→∞�,

E

[∫ T

0

(f(t, ω)− φn(t, ω))2dt

]
→ 0. (8.2.9)

5µ3¢S¯K¥§·�~~���L§¿Ø÷vV¥
��È5^�
==÷veã�V∗¥�^�.¯¢þ§ItôÈ

©�½Â�±í2��2��L§{h(s) : s ≥ 0} a:

V∗ =
{
h : h�F·AL§§�÷v

∫ T
0 h2(s)ds <∞, a.s.

}
.
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~~~ 8.2.4 �f´ëY¼ê§�Ä
∫ 1

0 f(B(t))dB(t). Ï

�B(t)këY�´»§¤±f(B(t))�3[0, 1]þëY, l
∫ 1

0 f(B(t))dB(t)k½Â. ,
�âf�ØÓ§ù�È©�±

k(½vk)k��Ý. ~Xµ

(1)�f(t) = t,Kdu
∫ 1

0 E[B2(t)]dt <∞, E[
∫ 1

0 B(t)dB(t)] =

0¿�d5�8.2.1(3) ∼ (4)k

E

[∫ 1

0

B(t)dB(t)

]2

=

∫ 1

0

E[B2(t)]dt =
1

2

(2) �f(t) = et
2
§d��Ä

∫ 1

0 e
B2(t)dB(t). �,È©�

3§�du�t ≥ 1
4
�, E[e2B2(t)] =∞§¤±

∫ 1

0 E[e2B2(t)]dt =

∞§=
∫ 1

0 E[f2(B(t))]dt < ∞Ø¤á.`²È©���ÝØ

�3.
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~~~ 8.2.5 ¦È©J =
∫ 1

0 tdB(t)�þ����.

Ï�
∫ 1

0 t
2dt < ∞§�t´Ft = σ{B(s), 0 ≤ s ≤ t}·

A�, ¤±ItôÈ©J´·½�¿�Ùþ��E[J ] = 0, ��

�E[J2] =
∫ 1

0 t
2dt = 1

3
.

~~~ 8.2.6 �O¦�È©
∫ 1

0 (1 − t)−αdB(t)·½�α�

�.

Ï���
∫ 1

0 (1− t)−2αdt <∞§þãItôÈ©Ò·½, ¤

±��α < 1
2
=�.
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���¹eÙK$Ä�ÅÈ©´���ÅCþ§÷ve

ã5�. (1) ���555555∫ T

0

(αX(t)+βY (t))dB(t) = α

∫ T

0

X(t)dB(t)+β

∫ T

0

Y (t)dB(t)

(2) ∫ T

0

I[a,b](t)dB(t) = B(b ∧ T )−B(a ∨ 0)

(3) """þþþ���555

E[

∫ T

0

X(t)dB(t)] = 0

(4) ���ååå555 XJX ∈ V(0, T ), K

E

[∫ T

0

X(t)dB(t)

]2

=

∫ T

0

E[X2(t)]dt
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§8.3 ItôÈÈÈ©©©LLL§§§

b�é?¿¢êT > 0§X ∈ V∗§@o∀t ≤ T§È

©
∫ t

0 X(s)dB(s)´·½�. Ï�é?¿�½�t§
∫ t

0 X(s)dB(s)´

���ÅCþ§¤±��þ�t�¼ê§§½Â
���Å

L§{Y (t)},Ù¥

Y (t) =

∫ t

0

X(s)dB(s) (8.3.1)

�±y²§ItôÈ©Y (t)�3ëY���´»§=�3��

ëY�ÅL§{Z(t)}§¦�é¤k� t§kY (t) = Z(t), a.s..Ï

d§ly3å·�¤?Ø�È©Ñb½´ÙëY���´

».�!ò?Øù�È©L§��«�Å5�.
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y3·��±y²Ù�5�.

½½½nnn 8.3.1 �X(t) ∈ V∗§¿�
∫∞

0 E[X2(s)]ds <∞§
K

Y (t) =

∫ t

0

X(s)dB(s), 0 ≤ t ≤ T

´"þ��ëY�²��È�(=supt≤T E[Y 2(t)] <∞).

y²µd½Â8.2.3�5§��Y (t) =
∫ t

0 X(s)dB(s), 0 ≤
t ≤ T´·½�§¿�äk��9��Ý.XJ{X(t)}´{ü
L§§Kdª(8.2) �Ó��y²�{��

E

[∫ t

s

X(u)dB(u)|Fs
]

= 0, ∀s < t
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u´

E[Y (t)|Fs] =E

[∫ t

0

X(u)dB(u)|Fs
]

=

∫ s

0

X(u)dB(u) + E

[∫ t

s

X(u)dB(u)|Fs
]

=

∫ s

0

X(u)dB(u) = Y (s)

¤±{Y (t)}´�. d�å5��Ù��Ý

E

[∫ t

0

X(s)dB(s)

]2

=

∫ t

0

E[X2(s)]ds
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íííØØØ 8.3.2 é?¿k.�Borel�ÿ¼êf(=é?

¿a ∈ R§k {x ∈ R, f(x) ≤ a} ∈ B(R)),
∫ t

0 f(B(s))dB(s)´

²��È�.

y²µX(t) = f(B(t))´�ÿ·A�, ¿�k~êK >

0¦�|f(x)| < K, u´
∫ T

0 E[f2(B(s))]ds ≤ KT . d½

n8.3.1, d·K�y.

þã½nJø
�E���{. 38.2!¥·�®²y

²§��Å�{üL§� ItôÈ©´��©Ù��ÅCþ.

���/§·�keã½n.
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½½½nnn 8.3.3 XJX´��Å�§�
∫ T

0 X2(s)ds <∞§
K∀t, Y (t) =

∫ t
0 X(s)dB(s)´��©Ù��ÅCþ.={Y (t), 0 ≤

t ≤ T}´GaussL§§Ùþ�¼ê�"§���¼ê�

Cov(Y (t), Y (t+ u)) =

∫ t

0

X2(s)ds, u ≥ 0

{Y (t)}�´²��È�.
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y²µÏ��È¼ê´��Å�§¤±
∫ t

0 E[X2(s)]ds =∫ t
0 X

2(s)ds <∞. d½n8.3.1 �Yäk"þ�§2dÈ©

9Y (t)��5�§k

E

[∫ t

0

X(s)dB(s)

∫ t+u

t

X(s)dB(s)

]
=E

[
E

[∫ t

0

X(s)dB(s)

∫ t+u

t

X(s)dB(s) | Ft
]]

=E

[∫ t

0

X(s)dB(s)E

[∫ t+u

t

X(s)dB(s) | Ft
]]

= 0
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Ïd

Cov(Y (t), Y (t+ u))

=E

[∫ t

0

X(s)dB(s)

∫ t+u

0

X(s)dB(s)

]
=E

[∫ t

0

X(s)dB(s)

(∫ t

0

X(s)dB(s) +

∫ t+u

t

X(s)dB(s)

)]
=E

[∫ t

0

X(s)dB(s)

]2

=

∫ t

0

E[X2(s)]ds

=

∫ t

0

X2(s)ds (8.3.2)

~~~ 8.3.4 �âþã½n��J =
∫ t

0 sdB(s) ∼ N(0, t
3

3
).
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e¡?ØItôÈ©��gC�.

½½½ÂÂÂ 8.3.5 �Y (t) =
∫ t

0 X(s)dB(s), 0 ≤ t ≤ T´ItôÈ

©§XJ3�VÇÂñ�¿Âe§4�

lim
δn→0

n−1∑
i=0

|Y (tni+1)− Y (tni )|2 (8.3.3)

�{tni }ni=0H�[0, t]�©�§�Ù� δn = max0≤i≤n−1(tni+1 −
tni )→ 0��3§K¡d4��Y����gggCCC���§P�[Y, Y ](t).

½½½nnn 8.3.6 �Y (t) =
∫ t

0 X(s)dB(s), 0 ≤ t ≤ T´ItôÈ

©§KY��gC��

[Y, Y ](t) =

∫ t

0

X2(s)ds (8.3.4)
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y²µÄk�Ä{X(s)}�{üL§��/§é���
/§·��±^{üL§%C��{��, ¤±ùp·��

y²{X(s)}�{üL§��/. Ø�b½X(s)3[0, T ]þ�

�ü�ØÓ��, �?¿k�õ����/�aqy�.�

{üå�§�T = 1§X(t)3[0, 1/2]þ�ξ0§3(1/2, 1]þ

�ξ1§=

X(t) = ξ0I[0,1
2
](t) + ξ1I(1

2
,1](t)

u´

Y (t) =

∫ t

0

X(s)dB(s) =

{
ξ0B(t), XJ t ≤ 1

2

ξ0B(1
2
) + ξ1(B(t)−B(1

2
)), XJ t > 1

2
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Ïd§é[0, t]�?Û©�§k

Y (tni+1)−Y (tni ) =

{
ξ0(B(tni+1)−B(tni )), XJ tni < tni+1 ≤

1
2

ξ1(B(tni+1)−B(tni )), XJ 1
2
≤ tni < tni+1

�t ≤ 1
2
�§

[Y, Y ](t) = lim
n−1∑
i=0

(Y (tni+1)− Y (tni ))
2

= ξ2
0 lim

n−1∑
i=0

(B(tni+1)−B(tni ))
2

= ξ2
0[B,B](t) = ξ2

0t =

∫ t

0

X2(s)ds



34/50

‖J I‖

J I

GoBack

FullScreen

Close

Quit

�t > 1
2
�§

[Y, Y ](t) = lim
n−1∑
i=0

(Y (tni+1)− Y (tni ))
2

= ξ2
0 lim

∑
ti<

1
2

(B(tni+1)−B(tni ))
2 + ξ2

1 lim
∑
ti>

1
2

(B(tni+1)−B(tni ))
2

= ξ2
0[B,B](

1

2
) + ξ2

1[B,B]((
1

2
, t]) =

∫ t

0

X2(s)ds

ùp�4�Ñ´�δn→ 0�3�VÇÂñ¿Âe�4�.
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é'uÓ��Brown$Ä{B(t)}�ü�ØÓ�ItôÈ

©Y1(t) =
∫ t

0 X1(s)dB(s)Ú Y2(t) =
∫ t

0 X2(s)dB(s)§d

uY1(t) + Y2(t) =
∫ t

0 (X1(s) + X2(s))dB(s)§·��±½

ÂY1ÚY2����ggg���CCC���µ

[Y1, Y2](t) =
1

2
([Y1+Y2, Y1+Y2](t)− [Y1, Y1](t)− [Y2, Y2](t))

d½n8.3.6§k

[Y1, Y2](t) =

∫ t

0

X1(s)X2(s)ds.
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§8.4 Itôúúúªªª

Itôúª§�Å©Û¥�CþO�úª½ó£{K§´

�Å©Û¥���Ì�óä§Nõ­��úª§~XDynkinú

ª§Feynman-Kacúª±9©ÜÈ©úª§Ñ´dItôú

ª�Ñ�.

Ï�Brown$Ä3[0, t]þ��gC��t§=3�VÇ

Âñ�¿Âe

lim
δn→0

n−1∑
i=0

(B(tni+1)−B(tni ))
2 = t

ùp{tni }´[0, t]�©�§δn = max0≤i≤n−1(tni+1 − tni ).
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þªl/ªþ�L«�∫ t

0

(dB(s))2 =

∫ t

0

ds = t

½

(dB(t))2 = dt

���/§·�k±e½n.

½½½nnn 8.4.1 �g´k.ëY¼ê§{tni }´[0, t]�©�§

Ké?Ûθni ∈ (B(tni+1), B(tni )) (=B(tni ), B(tni+1)�m�?

¿�)§�VÇÂñ¿Âe�4�

lim
δn→0

n−1∑
i=0

g(θni )(B(tni+1)−B(tni ))
2 =

∫ t

0

g(B(s))ds

(8.4.1)
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y²µÄk�θni = B(tni )§dg�ëY5ÚÈ©�½Â§

k

n−1∑
i=0

g(B(tni ))(t
n
i+1 − tni )→

∫ t

0

g(B(s))ds (8.4.2)

·�y²

n−1∑
i=0

g(B(tni ))(B(tni+1)−B(tni ))
2−

n−1∑
i=0

g(B(tni ))(t
n
i+1−tni )→ 0

(8.4.3)

3L2¥¤á. P∆Bi = B(tni+1) − B(tni ), ∆ti = tni+1 − tni§
KdBrown$Ä�ÕáOþ5Ú�^�Ï"��{��
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E

[
n−1∑
i=0

g(B(tni ))((∆Bi)
2 −∆ti)

]2

=E

[
E

(
n−1∑
i=0

g2(B(tni ))((∆Bi)
2 −∆ti)

2|Fti

)]

=E

[
n−1∑
i=0

g2(B(tni ))E
(
((∆Bi)

2 −∆ti)
2|Fti

)]

= 2E

[
n−1∑
i=0

g2(B(tni ))(∆ti)
2

]

≤ 2δnE[
n−1∑
i=0

g2(B(tni ))∆ti]→ 0, (�δn→ 0�)
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Ïd§3þ�Âñ�¿Âe

n−1∑
i=0

g(B(tni ))((∆Bi)
2 −∆ti)→ 0

ù�§
∑n−1

i=0 g(B(tni ))(B(tni+1)−B(tni ))
2�∑n−1

i=0 g(B(tni ))(t
n
i+1 − tni )k�Ó�4�

∫ t
0 g(B(s))ds.

é?¿θni ∈ (B(tni+1), B(tni ))§�δn→ 0�§

n−1∑
i=0

(g(θni )− g(B(tni )))(∆Bi)
2

≤max
i

((g(θni )− g(B(tni )))
n−1∑
i=0

(B(tni+1)−B(tni ))
2

(8.4.4)
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dgÚB�ëY5§·�k maxi((g(θni )−g(B(tni )))→ 0, a.s..

dBrown$Ä�gC��½Â�
∑n−1

i=0 (B(tni+1)−B(tni ))
2 →

t.

u´�δn → 0�§
∑n−1

i=0 (g(θni ) − g(B(tni )))(∆Bi)2 → 0.

Ïd
∑n−1

i=0 g(θ
n
i )(∆Bi)2�

∑n−1
i=0 g(B(tni ))(∆Bi)2äk�Ó

��VÇÂñ¿Â�4�
∫ t

0 g(B(s))ds.
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y3§·��ÑItôúª.

½½½nnn 8.4.2 XJf´�gëY��¼ê§Ké?Ût§

k

f(B(t)) = f(0) +

∫ t

0

f ′(B(s))dB(s) +
1

2

∫ t

0

f ′′(B(s))ds

(8.4.5)

y²µ´�ª(8.4.5)¥�È©Ñ´·½�.�[0, t] �©

�{tni }§k

f(B(t)) = f(0) +
n−1∑
i=0

[f(B(tni+1))− f(B(tni ))]

éf(B(tni+1))− f(B(tni ))A^Taylorúª�
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f(B(tni+1))− f(B(tni )) = f ′(B(tni ))(B(tni+1)−B(tni ))

+
1

2
f ′′(θni )(B(tni+1)−B(tni ))

2

Ù¥θni ∈ (B(tni+1), B(tni )).u´

f(B(t)) = f(0) +
n−1∑
i=0

f ′(B(tni ))(B(tni+1)−B(tni )) +

1

2

n−1∑
i=0

f ′′(θni )(B(tni+1)−B(tni ))
2 (8.4.6)

-δn → 0�4�§Kª(8.4.6)¥�1��ÚÂñuItôÈ

©
∫ t

0 f
′(B(s))dB(s).|^½n8.4.1��ª(8.4.6)¥�1

��ÚÂñu
∫ t

0 f
′′(B(s))ds.
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ª(8.4.5)¡�Brown$Ä�Itôúª§ddwÑ§Brown$

Ä�¼ê�±L«���ItôÈ©\þ��äkk.C��

ýéëYL§.·�¡ùaL§�ItôL§§î�/§·�k

e¡½Â.

½½½ÂÂÂ 8.4.3 XJL§{Y (t), 0 ≤ t ≤ T}�±L«�

Y (t) = Y (0) +

∫ t

0

µ(s)ds+

∫ t

0

σ(s)dB(s), 0 ≤ t ≤ T

(8.4.7)

Ù¥L§{µ(t)}Ú{σ(t)}÷v
(1) µ(t)´·A�¿�

∫ T
0 |µ(t)|dt <∞, a.s.

(2) σ(t) ∈ V∗.
K¡{Y (t)}�ItôLLL§§§.
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k�·��òItôL§(8.4.7)P��©�/ª

dY (t) = µ(t)dt+ σ(t)dB(t), 0 ≤ t ≤ T (8.4.8)

Ù¥¼êµ(t)¡�¤£Xê,σ(t)¡�*ÑXê,§��±

�6uY (t)½B(t)§$���´»{B(s), s ≤ t}§ (~

Xµ(t) = cos(M(t) + t)§ùp M(t) = maxs≤tB(s). �a

�~­���/´µ�σ(t) ==ÏLY (t)�6ut§3ù«

�¹e§ª(8.4.8)AU��

dY (t) = µ(Y (t))dt+σ(Y (t))dB(t), 0 ≤ t ≤ T (8.4.9)

XJ^�©/ªL«§Itôúª(8.4.5)C�

d(f(B(t)) = f ′(B(t))dB(t) +
1

2
f ′′(B(t))dt (8.4.10)
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~~~ 8.4.4 ¦d(eB(t)).

))) é¼êf(x) = ex^Itôúª§d�f ′(x) = ex, f ′′(x) =

ex§¤±

d(eB(t)) = eB(t)dB(t) +
1

2
eB(t)dt

u´, X(t) = eB(t)äk�Å�©/ª

dX(t) = X(t)dB(t) +
1

2
X(t)dt
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37KA^¥§�¦�d�S(t)´^�Å�©�§dS(t) =

µS(t)dt+σS(t)dB(t)£ã�.XJa(t)L«3��tÝ]ö�

�¦��ÂÃ§@o3���m«m[0, T ]S�ÂÃ�∫ T

0

a(t)dS(t) = µ

∫ T

0

a(t)S(t)dt+ σ

∫ T

0

a(t)S(t)dB(t)

e¡½n�Ñ
'uItôL§�Itôúª
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½½½nnn 8.4.5 �{X(t)}´d

dX(t) = µ(t)dt+ σ(t)dB(t)

�Ñ�ItôL§§g(t, x)´[0,∞) × Rþ��gëY��¼
ê.K

{Y (t) = g(t,X(t))}

E�ItôL§§¿�

dY (t) =
∂g

∂t
(t,X(t))dt+

∂g

∂x
(t,X(t))dX(t)

+
1

2

∂2g

∂x2
(t,X(t)) · (dX(t))2 (8.4.11)

Ù¥(dX(t))2 = (dX(t)) · (dX(t))Uìe¡5KO�µ

dt · dt = dt · dB(t) = dB(t) · dt = 0, dB(t) · dB(t) = dt
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=(8.4.11)�±U��

dY (t) =

(
∂g

∂t
(t,X(t)) +

∂g

∂x
(t,X(t))µ(t)

)
dt+

∂g

∂x
(t,X(t))σ(t)dB(t) +

1

2

∂2g

∂x2
(t,X(t))σ2(t)dt

AO/§XJg(t, x) = g(x)�´x�¼ê§(8.4.12){

z�

dY (t) = [g′(X(t))µ(t)+
1

2
g′′(X(t))σ2(t)]dt+g′(X(t))σ(t)dB(t)

(8.4.12)
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~~~ 8.4.6 áÏ|Ç�.£ Vasicek model ¤dXe

��§�Ñ

dRt = a(b−Rt)dt+ σdBt, R0 = r.

|^ITOúªO�d(Rteat)§¿)ÑRt.


